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1 Arithmetic with 


complex numbers Exercise 6 
(a) Work out 2*, (—2)*, (2i)t and (—2:)*. 


(b) What is the connection between 2, —2, 2i 


and —2i? 
Exercise 1 
Write down the real and imaginary parts of 
each of the following complex numbers. Exercise 7 
(a) V3 4- 4i (b) 2.5 (c) 17i Find the complex conjugate of each of the 


following complex numbers, giving your 
answer in the form a 4- bi. If necessary, 
simplify the number first. 


(a) 3—4i — (b) —5i — (c) 3(4— 2i) 
(d) 2i(5 + 3i) 


Exercise 2 


Work out z 4- w and z — w for each of the 
following cases. 


(a) z=4+2i, w=6+5i 
b) z=-2, w=3+i 
(b) d dne comes Exercise 8 
och + ud m B E Multiply each of the following complex 
(d) z=4+5i, w-6-—5i numbers by its complex conjugate. 
(e) z= 3i w-g-2i (a) 542i (b) -2+3¢ (c) 3—5i 
(d) 3i (e) 5 
Exercise 3 
Let u = 3 + 2i, v = —4 + 3i and w = 1 — 5i. Exercise 9 
(a) Work out the following. Write each of the following fractions as a 
(i) utvtw (ii) utu—w single complex number. 
ae 3— X —4 4 3i 3— 4i 
ii) u-v+w b 
(iii) ep WA M 
(b) Use one of your answers to part (a) to 2 3i 243i 
= d — f 
work out w — (u + v). (d) 344 (e) 2 — Bi (£) Ai 
Exercise 4 
Let p— 1-424 q—2-i, r=-} + 4i, 2 Geometry with 
s = bi and t = —3i. 
Find the following products. complex numbers 


(a pq  (b)ar  (c)rs (d) st 


(e) tp — (f) pr 


Exercise 10 


Mark the following complex numbers on a 
diagram of the complex plane: 


3+2i, Seb 045 —4i, c4 


Exercise 5 

Let u = —3 + 2i, v = 2 — i and w = 5i. 
Work out the following. 

(a) (u4- v)w (b) uv +w (c) uvw 


Exercise 11 


(a) Given that z = 1+ 2i and w = 3 + i, use 
geometric methods to mark z+ w, z — w, 
z+w and —2z on a diagram of the 
complex plane. 


(b) Confirm your answer to part (a) by 
working out each complex number 
algebraically in the form a + bi. 


2 Geometry with complex numbers 


(o) 4 (cos( 2) + isin( =) 


(d) 3 (cosr + isin 7) 


Exercise 12 


Find the modulus of each of the following 
complex numbers. 


(a) 2+4i  (b)6 (c) 8i 
(d -2-7i  (e)3-iV2 
Exercise 13 


Find the reciprocal of each of the following 
complex numbers. 


(a) 342i (b) 2—i — (c) —4i 


Exercise 14 


Find the principal argument of each of the 
following complex numbers. 


(a)2i (b) -3i (c)-2 (43 


Exercise 15 


Find the principal argument of each of the 
following complex numbers. 


(a) 1—i (b) 3(-1- i) 
(c) vV3+i — (d) -2— 248i 


Exercise 16 


Write the following complex numbers in 
Cartesian form. 


a) 2(oa(2) + ism($) 
aS) +ism(8)) 


Exercise 17 


Use your solutions to Exercises 14 and 15 to 
write the following complex numbers in polar 
form. 


(a) 2i (b) —2i (c) —2 (d) 3 
(e) 1-i (f) 3—14i)  (g) V3 +i 
(h) —-2 — 2/3i 


Exercise 18 


Find zw in polar form in each of the following 
cases. Then write your answers in Cartesian 
form. 


o = 3 (ca(S) e in() 
sn) en) 
o) ==om(Z) eisi(). 


Sel a) 
w = cos| -5 J tr isin| -7 


Exercise 19 
Let 


and 


) 
«(nn )) 


Find the following products in polar form. 


(a) uv (b) ww (c) www 
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Exercise 20 
Let 


+= 0 (oF) omi). 
eem) 


(n) n) 


(a) Find the following quotients in polar 
form. 


(i) u/v (ii) v/w (iii) u/w 


(b) Use your answers to part (a) to confirm 
that 


Exercise 21 


(a) Describe the geometric effect of 
multiplying a complex number by —3i. 


(b) Use polar form to show that the 


geometric effect of multiplying a complex 


number by —2 is a rotation through a 
half turn and a scaling by a factor of 2. 


Exercise 22 


Work out the Cartesian forms of the following 


complex numbers, using de Moivre's formula 
if appropriate. 


o r2) (9) 
i» (ee) eem) 


(c) (-1--3)* — (d) (-14-1)* 
(e) (3/3 + 9i) 5 


3 Polynomial equations 


Exercise 23 


Solve the following quadratic equations by 
completing the square where necessary. 


(a) z2--22 4-320 
(b) z2—-3z4-13-0 
(c) z2--36—0 


Exercise 24 


Solve the following quadratic equations by 
using the quadratic formula. 


(a) 2 —2z+3=0 
(b) 22 +3z+13=0 
(c) 227+6z+5=0 


Exercise 25 


Find, in their simplest forms, quadratic 
equations with the following pairs of solutions. 


(a) 2437 (b) —3+ 2i (c) 4+ ji 
(d) 6i 


Exercise 26 


Solve the equation ;? = 1. Give your answers 
in both polar form and Cartesian form. 
Sketch the solutions in the complex plane. 


Exercise 27 


Solve the following equations. Give your 
answers in both polar form and Cartesian 
form. Sketch the solutions in the complex 
plane. 


(d)g^—-—16 (b) 23 =27i 


4 Exponential form 


Exercise 28 
Write the following complex numbers in 
Cartesian form. 


(a) Bein /2 (b) 2eg-in/6 (c) 2e37i/4 


Exercise 29 


Write the following complex numbers in 
exponential form. 


(a) 3 (b 4  (c)-3i 
(d) -3— i/3 


Exercise 30 


Express each of the following products, 
quotients and powers of complex numbers as 
a single complex number in exponential form 
and Cartesian form. 


(a) et /6 x eit /2 
eit /2 


eit /3 


(e) (4e’”) ? 


(b) (ei7/8) 2 


(d) 9ein/3 x 3e-i7/3 


Exercise 31 


Use Euler's formula to verify the equation 


e 7/2 45 = 9. 


Exercise 32 


Use de Moivre’s formula to obtain the 
trigonometric identities 


cos 50 = 5 cos 0 — 20 cos? 0 + 16 cos? 0 
sin 50 = 5sin 0 — 20 sin? 6+ 16 sin? 0. 


To condense your working, you may find it 
helpful to write c = cos0 and s = sin 0. 


4 Exponential form 


Exercise 33 


Use the formulas 
sing = = and cos = B 
to obtain the following identities. 
(a) sin?0 + cos?0 = 1 
(b) cos? 0 — sin? 0 — cos 20 


(c) 2sin0cos0 = sin 20 
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Solutions to exercises 


Solution to Exercise 1 

(a) Re(V/3-4- 4i) = V3, Im(V3 +4) =4 
(b) Re(2.5) 22.5, Im(2.5) =0 

(c) Re(177) € 0, Im(17i)=17 


(Note that the imaginary part of a complex 
number is always a real number.) 


Solution to Exercise 2 

(a) z 4- w = (A 4- 2i) + (6+ 51) 
= (4-6) *- (2 - 5)i 
— 104-5 


z — w = (4 + 2i) — (6 + 5i) 
= (4-6)+(2—5)i 
= —2 — 3i 

(b) z+w = (—2)+ (3 + i) 
= (-2-- 3) - (0 4- i 


(c) z 4 w = (—4.1 + 3.2i) + (2.0 — 6.72) 
= (—4.1 + 2.0) + (3.2 + (—6.7))i 
= —2.1 — 3.5% 


(=44 + 3.2i) — (2.0 — 6.7i) 
(41-90) 4 (32 — (87 
= —6.1 4- 9.9; 
(d) z+w = (4 + 5i) + (6 — 5i) 
= (4+ 6) + (5+ (—5))i 
= 10 


x 
| 
& 
I 


z — w = (4 + 5i) — (6 — 5i) 
= (4 — 6) + (5 — (—5))i 
= —2+ 10i 

z +w = ($i) + (2 + 2i) 
= (0+ 2) + ($ +2): 


— 
[0] 
— 


e+ 
z—w= (i) - (20) 
= (0-5) + (3 —2)4 


Solution to Exercise 3 
(a) i) ut+vtw 
= (3 + 2i) + (—4 + 3i) + (1 — 5i) 
= (3+ (—4) +1) + (2-34- (-5))i 
=O 
(ii) utu-—w 
= (3 + 2i) + (—4 + 3i) — (1 — 5i) 
(3 + (—4) — 1) + (2-3 - (—5))i 
= —2 + 102 


(iii) u-vutw 
= (3 + 2i) — (—4 -- 34) + (1 — 5i) 
= (3 — (—4) +1) + (2 — 3 + (—5))i 
=8— ôi 
(b) w—(u+v)=w-u-v 
=—u—v+w 
= —(u +v — w) 
From part (b)(ii), 
—(u +v — w) = —-(-2 + 10i) 
= 2-— 10r. 


Solution to Exercise 4 

(a) pq = (1+ 2i)(2— i) 
=2— i+ 4i- 2i? 
=2—i+4i+2 
=4+4 31 


(b) qr = (2—- i)(-1 + 4i) 
= —1 + 8i + 51-47 
=-14+84+ 5i+4 
—34 ži 


(c) rs = (—4 + 4%) (5%) 
= —3i + 207° 
= —20- 3i 


(d) st = 5i x (—3i) 
= —15i? 
=15 


(e) tp = —3i(1 + 2i) 
= —3i — 6i? 
= 6-—3i 


(f) pr = (1+ 22)(-3 + 4i) 
=-444i-i14+ 87 
—--l-r4i-i-8 
= -H 43i 


Solution to Exercise 5 

(a) (u+v)w = ((—3 + 21) + (2 — i))(5i) 
(—1 + i)(5i) 

—b5i + 5i? 

= —5 — 5i 


(b) uv + w = (—3 + 23)(2 — i) + 5i 
= —6 + 3i + 4i — 2i? + 5i 
= —6 4 3i -- 4i - 2 - 5i 
— —4 4 12i 


(c) uvw = (—3 + 2i) (2 — i)(51) 
= (-6 + 3i + 4i — 2i?) (bi) 
= (—4 + Ti)(bi) 
= —20i + 352? 
= —35 — 20i 


Solution to Exercise 6 
(a) 24 = 16 
(-2)4 = (-1 x 24 
=1x 16 
= 16 
(Bi) = 24 it 
=16x?x? 
= 16 x (—1) x (-1) 
= 16 
(-2)* = (-2) i* 
=16x1 
= 15 
(b) 2, —2, 2i and —2i are all fourth roots 
of 16. 
Solution to Exercise 7 
(a) 34- 4i 
(b) 5i 
(c) We have 
3(4 — 2i) = 12 — 6i. 
So the complex conjugate is 12 4- 6i. 


Solutions to exercises 


(d) We have 
2i(5 + 3i) = 10i + 6i? = —6 + 10i. 


So the complex conjugate is —6 — 107. 


Solution to Exercise 8 

(a) (5 + 2i)(5 — 2i) = 5? + 2? = 29 

(b) (—2 + 3i)(-2 — 3i) = (-2)? +37 = 13 
(c) (8— 54)(3 + 5i) = 3? + (C5)? = 34 
(d) 3i x (-3i) = 32 =9 

(e) 5x5 — 325 


Solution to Exercise 9 
3—2i  (3—2i)(4— 3i) 


() — XX3i > (43i (4— 33 
| 12— 9i — 81+ 6i? 
EE x 
6-17 
> 2% 
(You can leave this complex number in 
the form above, or write it as $ — a£ i. 


Similar comments apply to parts (d), (e) 
and (f).) 
443i (-44+3i)xi 
—i —ixi 

—4i + 3i? 

= 
—3— 4i 

1 
= —3 — 4i 


3—4i  (3—4i)(2- i) 
()  3-i- 8-804 
|.643i— 8i — 4i? 
m 22 4 (—1)? 
. 10 — 5i 


Exercise Booklet 12 


3i 3i(2 + 5i) 
(e) - = ————— 
2— 5i  (2—5i)(24- 5i) 
Gi + 15i? 
22 + (—5)2 
—15 + 6i 
29 


(f) In this case it's simpler to multiply the 
top and bottom of the fraction by —i, to 


give 
2+3i  (2+3i)(—i) 
4i —  Aix(-i) 
| -2i- 3i? 
—442 
3 — 2i 
=- 


Solution to Exercise 10 


—2 + 3i 
e 
3+ 22 
e 
e > 
—3 
3—2i 
—4ie 
Solution to Exercise 11 
(a) 
A 
zu Ww 
e 
"E 
A = caps eU 
Z+Ww 
e 
—2z 
e 


Solution to Exercise 12 

(a) |2 + 4i| = VZ + 42 = v20 = 2v5 
(b) |6] =6 

(c) |8i| = V82 — 8 
(à) |-2- i| = (39 4 (799 = VB 
(e) |3— iV2| = 1/32 + (-V2)? = V11 


Solution to Exercise 13 


(a) 1 342  3-2i  3-2i 
342i 342i]? 32422? 13 

(b) 1  2-i  — 24i — 2-i 
2-i ]2-i? 22-(-1? 5 
1 1 i i " 

v gTa am = 


Solution to Exercise 14 


(a) 


20 


NI a 


From the diagram, Arg(2i) = 7/2. 
(b) 


From the diagram, Arg(—2i) = —7/2. 


From the diagram, Arg(—2) = m. 
(d) 


3 
From the diagram, Arg(3) — 0. 
Solution to Exercise 15 
(a) 
A 
il 
$ 
9 1 
z—1-4 


From the diagram, 
1 

t s al, 
ang 1 


Therefore ¢ = 7/4. So the principal 
argument is 


TU 
$--6--7. 


(d) 


Solutions to exercises 


From the diagram, 


3 
t =-=1. 
an 3 


ESAE 


Therefore ¢ = 7/4. So the principal 


argument is 


T 
l= Fa 


z=V3+i 
Law} 


V3 


From the diagram, 


1 
tan@ = —. 


V3 


So the principal argument is 0 = 7/6. 


Ex 


10 
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From the diagram, 
2/3 
tang = 2 = V3. 


Therefore ¢ = 7/3. So the principal 
argument is 


Solution to Exercise 16 


exeo) en) (Fi) 


Solution to Exercise 17 


(a) The modulus is 2. From Exercise 14(a), 
the principal argument is 7/2. Therefore 


20 —2 (cos (=) + isin(=) ) 
(b) The modulus is 2. From Exercise 14(b), 


the principal argument is —7/2. 
Therefore 


2i = 2(coe(—5) +tsin(-3)) 
1 = COS 9 ?S1n 3 . 
(c) The modulus is 2. From Exercise 14(c), 
the principal argument is 7. Therefore 
—2 = 2(cosm + isin T). 


(d) The modulus is 3. From Exercise 14(d), 
the principal argument is 0. Therefore 


3 = 3(cos0 + isin 0). 
(e) The modulus is 
r= y1? + (-1)? = v2. 


From Exercise 15(a), the principal 
argument is —7/4. Therefore 


1-i=V2 (cos(- 7) + isin(—7)) 


(f) The modulus is 
r= (CaP +e = Vii - av2. 


From Exercise 15(b), the principal 
argument is 37/4. Therefore 


Sd p 


(1) (2) 


(g) The modulus is 


r2 (v3)? + = v4=2. 


From Exercise 15(c), the principal 
argument is 7/6. Therefore 


V84i-2 (cos(=) + isin(Z)) 


(h) The modulus is 
r = y (2)? + Cy 


=A, 


=) 


From Exercise 15(d), the principal 
argument is —27/3. Therefore 


Solution to Exercise 18 


(a) In polar form, 


—9x2x Tapa Tis US 
zw = cos| 5 6 isin| 5 


eE (e) 
(S5) (1) 


The angle 47/3 lies outside the interval 


(—7, 7], so it isn’t the principal argument 
of zw. The principal argument is given by 


4m 4m Ör 2T 

——2 = — - — = -—. 

3 3 3 3 
Therefore, in polar form, 


en (C) n) 


In Cartesian form, 


se : E 3 — 3/3 i. 


2 2 


Solutions to exercises 


(b) In polar form, (b) LTD mum ERU 
zw = cos(2 + (-2)) + isin(Z + (-2)) d “ve " | 2 
3 3 3 3 5 cos( z) + isin( z)) 
= cos 0 + i sin 0. = NEU E 
In Cartesian form, i ~ ? j c 5)) T 
zw=14+0i=1. ac) . 
Solution to Exercise 19 = (cos(- 2) + isin(-2)) ne 
(a) uv —3x2x (cos(# + z) + isin(= + Z) Solution to Exercise 21 


3 _, (3n (a) In polar form, 
=6(«( 7) +isin(7)) -3i = 3 (cos( 5) i isin( 2) 


3 Let z = r(cos 0 + isin 0). Then 
kua T T 
T isn( 7 T 22) z x (—3i) = r(cos0 + isin 0) 


x 8 (es(-5) + isi(-5)) 


(b) uw 


=2x4*x (cos( 4% 
4 
= 8(cos + isin 7) 


) 
T E 


T T 30 = 3r (cos(0 + (-2)) 
vp 2 
4 2 4 iin T 
i48 pia + ésin( t 
isin| — + = + — 
4 2 4 Therefore, multiplying z by —3i has the 
effect of a clockwise rotation through a 
eu (cos( =) des sin( =) ) quarter turn (—7/2 radians) and a 
2 2 scaling by a factor of 3. 


The angle 37/2 lies outside the interval 


(—7, 7], so it isn’t the principal argument ^ 
of uvw. 'The principal argument is given 
by 
3m 3m 4r T 
eS Oe ee a " 
2 3 3 2 X 
Therefore 0 
uvw = 24 (cos(- 2) t isin(—7)) qi E 
2 2 
: : 3r 
Solution to Exercise 20 
~o uU io T T 2. [T T ET 
() @ 5 =F (cos(§ — 3) +i) 
=2 (cos(- 2) t isin(—7)) 
6 6 
eU 5 "T 2m 
(ii) — = š | cos ace (b) In polar form, 
EE - —2 = 2(cos s + isin 7). 
+ isia( F : =)) | 
3 3 Let z = r(cos0 + isin 0). Then 
5 T " T zd 
=5 (cos(- 2) + isin(-2)) z x (—2) = r(cos0 + i sin 0) 
x 2(cos + isin 7) 
iue Tho om T 2m ae 
(iii) oe (cos( — x) = 2r(cos(0 + 7) + isin(0 + 7)). 
.. [n 2n Therefore, multiplying a complex number 
tt sin(§ 3 )) by —2 corresponds to a rotation through 


a half turn (x radians) and a scaling by a 
factor of 2. 


Il 
on 
P aS 
C 
[e] 
un 
| 
NIN 
eem a 
+ 
~. 
[67] 
a, 
5 
| 
| 
Tc 
ed 
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O+ 


2r 


z x (-2) 


Solution to Exercise 22 
@ (2 (cos() i (2) 
= 2 (cos(3 x Z) + isin(3 x Z) ) 
-s(«(3) «i (3) 
= 8(0 + i) 
= 8i 


(>) (3 (cos( 15) isin(5))). 
= (3/4) (cos(4 x =) + isin(4 x 5) 
M Yo 

=3 d 

= 3(1 iV3) 


(c) The modulus of —1 +7 is 


JOE = vs 


12 


From the diagram, 
1 
t =-=1. 
an 1 
Therefore ¢ = 7/4. So the principal 
argument is 
T ƏT 
0 — — = — — = —, 
"T—óo-—m 1 1 
In polar form, 


-1+i= V3 (cos( 27) | isin(*) ) . 


Hence 


(-1-4- if 


= (v2) (cos(4 x zy +isin(4 x 23) 


= 4 (cos 37 + isin 37) 
= 4(cosm7+isin7) 
= 4(—1 + 0i) 

= —4. 


(d) De Moivre’s formula could be used here, 
but we can also use the answer to 
part (c) as follows: 


1 1 
zu jy-4 = —<$ —_ > — = —1. 
a Ep L1 74 


(e) The modulus of 34/3 + 9i is 
(3 /3)2 +92 = V9x 3-81 


= /108 
= 63. 


z — 3V34 9i 


From the diagram, 


9 
tan@ = — = V3. 
3/3 


So the principal argument is 0 — 7/3. 


In polar form, 


3/3 +91 = 6V3 (cos(=) + isia(Z)) ) 


Hence 
(3/3 + 9i) ? 
= (6V3) (cos(-5 x =) +isin(—5 x z)) 


em oC) m CT) 


The angle —57/3 lies outside the interval 
(—7, 7], so it isn’t the principal argument 
of 3/3 + 9i. The principal argument is 
given by 


5m +2 5m & T T 
A rm ie — | SE ces 
3 3 3 3 
Therefore 
(3V3 + 9i)? 


= Gum (cos (=) + ism(2)) 


noh [1 9 
wm (+22) 
1 . 
zs, +) 


1 
1399683 (1 É iv3) 


Solution to Exercise 23 
(a) The equation is z? + 2z +3 = 0. 
Completing the square on the left-hand 


side gives 
(z+1)}-1+3=0; 
that is, 


(I =l- 
Taking square roots of both sides gives 


z+1= +iv2, 


SO 
z=-l+iv2. 


(b) The equation is z? — 3z 4- 13 — 0. 


Completing the square on the left-hand 


side gives 
(z— §)"-$+13=0; 
that is, 
2 
(-3* = 9-13 =-4. 


Solutions to exercises 


Taking square roots of both sides gives 


EVE 


4^? 


So 


v4, 


(c) The equation is z? + 36 = 0. 
Subtracting 36 from both sides gives 
z? = —36. 


Taking square roots of both sides gives 


z = c6i. 


Solution to Exercise 24 


H —(—2)+ ,/(-2)?-4x 1x3 
œ) ¢= ext 


—3+ /33-—4x«x1x 13 
2x1 
—3 + yv -—43 


Solution to Exercise 25 
(a) A quadratic equation with solutions 
2+ 3i is 
(z — (2+ 3i))(z — (2 — 3i)) = 0. 
Simplifying gives 
((z — 2) — 3i)((z — 2) + 3i) 20 
(z — 2)” — (31)? =0 
z2 — 4z +4- (-9)=0 
z? — Az +13 — 0. 


13 
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(b) A quadratic equation with solutions 
—3+ 2i is 
(z — (-3 + 2%))(z — 
Simplifying gives 
((z 4-3) — 2i)((z + 3) + 27) 20 
(z +3)? — Qi)* =0 
2? --6z4-9— (—4) 20 
z? 4 6z --13 — 0. 


(—3 — 2i)) = 0. 


(c) A quadratic equation with solutions 
Ac ji is 

(z— (4+ $3) (z - (4— 3i)) — 0. 
Simplifying gives 

((z—4)— ži) ((—4) + $4) 20 

-4y - (M) 20 

2? 8z416— (-1)- 

z? — 8z +Ë — 0. 


(d) A quadratic equation with solutions +67 
is 
(z — 6i)(z + 6i) = 0. 
Simplifying gives 
— (61)? = 0 
— (—86) = 0 
z? +36 — 0. 
Solution to Exercise 26 
Let z = r(cos0 + isin 0). Also, 
1 = cos0 + i sin 0. 
So the equation z? — 1 in polar form is 
(r(cos 0 + isin0))* = cos0 + isin Q. 
De Moivre's formula gives 
r5 (cos 80 + isin 80) = cos 0 + isin 0. 
Comparing the moduli gives 
rè = 1, so r=1. 
Comparing the arguments gives 
80 = 0 + 2m« = 2mm, 


where m is an integer. Hence 
2mm mm 
0 = — > = 
8 4 


where m is an integer. 


14 


Taking m = 0, 1, 2, 3, 4, 5,6,7 gives the 
following values of 0: 

5m 3n Tr 
POP a 


The solutions are therefore 


zo = cos 0 + isin0 = 1 
1 
z= cos( Z) + isin(=) = zY +i) 
= cos(3) +isia(3) 
Z2 = COS 5 % Sın 5 
37 gu 37 
Z3 = cos| — isin| — 
3 4 4 
z4 = cos T + isin t = —1 
u 5T 4 isi om \ 1 (i 
Z5 — cos 1 isin T J i 
O 3T ET 3T 
Zg = cos 5 isin 7 


p= cos( 2) +isin( Z) z ll ae 


All other values of m give repetitions of these 
eight solutions. 


—-—i 


(The eight solutions are evenly spaced around 
the unit circle, that is, the circle with radius 1 
centred on the origin.) 


Solution to Exercise 27 
(a) Let z = r(cos0 + isin0). Also, 
—16 = 16(cos v + i sin T). 


^ — —16 in polar form is 


So the equation z 

r^(cos 40 + isin 40) = 16(cos + isin x). 
Comparing the moduli gives 

r^—16, so r=2. 
Comparing the arguments gives 

40 — --4-2mm, where m is an integer. 
Hence 

m 


T T ; ; 
d= 4 + EX where m is an integer. 


Taking m = 0,1,2,3 gives the solutions in 
polar form as 


All other values of m give repetitions of 
these four solutions. 


In Cartesian form these are 


2-20), a -vV2X-1-i), 


z3 = V2(1 — i). 


z2 = —V2(1 + i), 


Solutions to exercises 


(b) Let z = r(cos0 + isin 0). Also, 


27i = 27 (cos( Z)  isim(2)). 
So the equation z? = 27i in polar form is 
r° (cos 30 + isin 30) 
= 21 (cos( 5) +isin(5)) 
= cost 5 isin( 5 JJ. 
Comparing the moduli gives 
r3 =27, so r=3. 
Comparing the arguments gives 


30 — ; 2mm, where m is an integer. 


Hence 


T | 2mm . , 
d= 6 + Zz where m is an integer. 


Taking m = 0,1, 2 gives the solutions in 
polar form as 


sch (es (1) ei) 
mc 
uia um. 


All other values of m give repetitions of 
these three solutions. 


In Cartesian form these are 


zo = 3(V3 + i), z = 3(-v3 +4), 


Z2 = — 3i. 
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Exercise Booklet 12 


Solution to Exercise 28 Therefore ¢ = 7/6. So the principal 
(a) beit/2 — 5 (cos(=) 3 isin(Z)) argument is 
2 2 dies $) = ( T) _ oT 
= a + i) = T E T 6) 7 6 
= 5 Hence 
~in/6 _ T n T 
(b) 2e [6 — 9 (cos(—=) + isin(—*)) —3 — iV3 = 23 e-9ni/6. 
- 9 ($ = 5) Solution to Exercise 30 


(a) In exponential form, 


=vV3-1 ; 
V3 1 : : eit /6 x ein? = et(T/6+7/2) 
(c) 2637/4 = 2 ( cos| = +isin 2r — gi(47/6) 
4 4 oni /3 
=e, 
B 1.1 
E BU i Ey In Cartesian form, 
= 2 
=v Albee) ers = cos (=) +isin( =) 
Solution to Exercise 29 =1(-14 iv3). 
(a) The modulus is 3 and the principal 
argument is 0. Therefore (b) In exponential form, 
i0 f 2 ; 
3—3e". (e°) = et(2xT/8) — ei"/4. 


(b) The modulus is 4 and the principal 


i In Cartesian f 
argument is 7/2. Therefore n Vartesian torm, 


1; _ 1 in/2 pu = cos( Z) t isin(7.) 
5 = 5€ : 4 4 
(c) The modulus is 2 and the principal = ET +i). 
argument is —7/2. Therefore v2 
-ši = 3 e5in/2, (c) In exponential form, 
(d) The modulus of —3 — i3 is uim — ei(t/2—n/3) — qim/6. 
eT 
(=3) + (- V3? = V12 = 2V3. In Cartesian form, 
ein/6 — cos( Z) + isim(7) 
A = l(v3 + i 
(d) In exponential form, 
3 2171/3 3e -in/3 — 9 x ggi(r/3(77/3)) 
> 10 
$ = 6e". 
3B » | 
In Cartesian form, 
du ce P 6e” — 6. 
(e) In exponential form, 
in\3 T im 
From the diagram, (4e ) zd p eg 
/3 1 In Cartesian form, 
tan gd = — = —. 
3 V3 64e'7 = 64 (cos v + isin 7) 
= 64(—1 + 0i) 
= —64. 


16 


Solution to Exercise 31 


Substituting 0 = —7/2 into Euler’s formula 
gives 


e it/2 — cos(- 7) + isin(-7) 


—0-i. 


Hence e^ 77/2? = —i, so e-?7/2 +i = 0. 


Solution to Exercise 32 


For brevity, write c = cos0 and s = sin 0. 
Then, by de Moivre's formula and the 
binomial theorem, 

cos 50 + i sin 50 

= (cos + isin 0)? 

= (e + is)? 

= c? + 5c*(is) + 10e? (is)? + 10c2 (is)? 

+ 5e(is)* + (is)? 
= c+ 5icts — 10c?s? — 10ic?s? + 5cs* + is? 


= (č 09s + bes") + i(5cts — 1007s” + sè). 


Comparing real and imaginary parts, and 
using the identity c? + s? = 1, gives 
cos 50 = c? — 10c?s? + 5es* 

= č — 10c8(1 — e) + 5e(1 — c?)1- c) 
= c — 10e + 10c® + 5e(1 — 2c? + c*) 
= e — 10c? + 108 + 5c — 108 + 5e 
= 5c — 208? + 16 
= 5 cos 0 — 20 cos? 0 + 16 cos? 0 


and 
sin 50 = 5c*s — 10c?s? + s? 
= 5(1 — s?)(1— s?)s — 10(1 — s?)s? + s? 
= 5(1 — 2s? + 5*)s — 10s? + 10s? + s° 
= 5s — 10s? + 5s? — 10s? + 10s? + s? 
= 5s — 20s? + 16s? 
= 5sin 0 — 20 sin? 0 + 16 sin? 6, 


which are the required identities. 


Solutions to exercises 


Solution to Exercise 33 


(a) We have 
i0 — ,—i0 i0 —i0 
sin ĝ = a and  cos0 = E 
21 2 
Therefore 


(e? = ee " (es dis pu 
(2i2) 22 

-i(( ae a 26tl 910 ab (e) 

(( c? j^ augue e 4 ier) 

es — 9gi(- (70) 4 pem 

((c 210 | o¢i(0+(—8)) 4 pee. 

=e 


210 e728 ae e?) 


sin? 0 + cos? 6 = 


"» AIH RUN 


+ e”? + 2e? 3. a0 _ 


ei? 4. e- i62 ei? — g- i62 
cos? 0 — sin? 0 = eL — — 
((e?)? 4+ 2ei8 4-38 a eu 
i (e)? — 9gi&e- i8 |. (e=?) 
= : (e^ + 2e C79) +e) 
I 


(" — 9gi(6-(-0)) 4 d 


= 5 (2678 he da") 
B (er ee) 
7 2 
= cos 20 
ið _ ,—i0 i0 —i0 
c 2sinf cosh — 2 x Ê S xt nis 
2 
a 
FT ( i0 xa ud zi e- 6) 
4i 
7 ((e"?)* E (e-36)2) 
7 2i 
B [pn g ue) 
5 2i 
= sin(26) 
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